The dark universe future and singularities: the account of thermal and
  quantum effects by Nojiri, Shin'ichi & Odintsov, Sergei D.
ar
X
iv
:2
00
6.
03
94
6v
1 
 [g
r-q
c] 
 6 
Ju
n 2
02
0
The dark universe future and singularities: the account of thermal and quantum
effects
Shin’ichi Nojiri1,2, Sergei D. Odintsov3,4
1) Department of Physics, Nagoya University, Nagoya 464-8602, Japan
2) Kobayashi-Maskawa Institute for the Origin of Particles and the Universe, Nagoya University, Nagoya 464-8602, Japan
3) ICREA, Passeig Luis Companys, 23, 08010 Barcelona, Spain
4) Institute of Space Sciences (IEEC-CSIC) C. Can Magrans s/n, 08193 Barcelona, Spain
The knowledge of the universe future is of fundamental importance for any advanced civilization.
We study the future of singular dark universe where thermal effects due to the Hawking radiation
on the apparent horizon of the FRW universe are taken in consideration. It is shown that dark
universe which ends up at finite-time Type I and Type III singularity or infinite-time Little Rip
singularity transits to finite-time Type II singularity due to account of thermal effects. On the same
time, the Type II and IV singular universe does not change its qualitative behavior. The combined
account of quantum and thermal effects shows that depending on specific features of the universe
only one of effects is dominant. When (conformal matter) quantum effects are dominant, the future
singularity is usually removed while for dominant thermal effects the universe final state is the Type
II singularity.
PACS numbers:
I. INTRODUCTION
Theoretical discovery of accelerating dark energy universe significally changed our knowledge about the universe
future. It is rather well-known that dark energy epoch may be qualitatively understood as the universe filled by exotic
effective fluid with negative pressure. Depending on its structure and in correspondence with observable bounds,
current dark universe may show phantom (weff < −1), de Sitter (weff = −1) or quintessential (−1 < weff < −1/3)
behaviour where weff is the effective universe EoS parameter. So far the precise understanding in which dark era we
live is still lacking. However, for rather big sub-class of phantom or quintessential universes it turns out that universe
ends up in some sort of future singularity. It is fundamentally important for any advanced civilization to know what
is going on with the universe in the future even this future is rather distant (few dozen billion years).
The most known type of finite-time future singularity is related with phantom evolution and is called Big Rip
singularity. In this case the universe ends up by the very rapid expansion and any extended object will be destroyed
by the tidal force some million years before reaching the Rip time [1]. Apart from this most strong singularity there are
few soft singularities which are classified as Type II, III and IV singularities. For Big Rip, the Hubble rate H diverges
in a finite time and the time tRip that the divergence occurs is called the Big Rip time. Note that this is classical
consideration. However, taking into account different related effects (like quantum effects, strong electromagnetic
fields, consensation, etc) may qualitatively change the classical consideration and give more realistic picture of the
future universe. First of all, let us remind that large Hubble rate H means large temperature of the universe. The
Hawking radiation effectively should be generated at the apparent horizon of FRW universe [2, 3]. Eventually, it
should give the important contribution to the energy-density of late-time universe, especially right before the Rip
time. In other words, at large temperature which may even diverge at the Rip time, there should appear thermal
radiation. Recently in Ref. [4], it was argued that kind of cyclic cosmology might be realized instead of the Big Rip
singularity due to effect of thermal radiation. The purpose of this paper is to study what could really happen with
future singular dark universe when the effect of thermal radiation is included. In the next section we consider dark
universe with the Type I, II, III, and IV finite-time future singularities as well as infinite-time Little Rip singularity
in the presence of thermal effects due to Hawking radiation. We demonstrate that for the Type II and IV singular
universe there is no qualitative effect to its final state due to thermal radiation. The Type I and III singular universes
as well as Little Rip universe ends up in the Type II singularity due to thermal effects. Third section is devoted to
the account of both, quantum and thermal effects to future singularities. We show that quantum effects as a rule
remove future singularity making the universe non-singular one. When quantum and thermal effects are taken into
consideration, depending on specific features of the theory (particles content, fluids, temperature, etc) only one of
that effects become dominant. For instance, when thermal effects are dominant the universe ends up at the Type II
singularity in the same way as without quantum effects. Finally, summary and some outlook are given in the last
section.
2II. FINITE-TIME FUTURE SINGULARITIES IN THE DARK UNIVERSE: THE ACCOUNT OF
THERMAL EFFECTS
We start from a spatially-flat FRW universe,
ds2 = −dt2 + a(t)2
∑
i=1,2,3
(
dxi
)2
. (1)
Here a(t) is a scale factor. We consider dark energy epoch when the effective equation of state (EoS) of the universe
is around −1. In this case, the accelerating universe may evolve in one of the following ways: phantom evolution,
quintessential evolution and de Sitter expansion (weff = −1). What happens with such universe in the future? In
principle, depending on specific aspects of time-dependent effective EoS of the universe any future is possible including
deccelerating or ever-expanding universe. Let us consider here the sub-class of dark energy universes which lead to
finite-time future singularities.
Let us remind that FRW equations for general relativity (GR) coupled with general perfect fluid with the pressure
p and the energy-density ρ are given by
ρ =
3
κ2
H2 , p = −
1
κ2
(
3H2 + 2H˙
)
. (2)
Here H ≡ a˙/a.
For dark energy universes ending at finite-time singularity it has been developed the classification of such singular-
ities in Ref. [5] (see also [6]):
• Type I (“Big Rip”) Ref. [1]: This is a characteristic crushing type singularity, for which as t → ts, the scale
factor a(t), the total effective pressure peff and the total effective energy density ρeff diverge strongly, that is,
a→∞, ρeff →∞, and |peff | → ∞. For works on this type of singularity, see Refs. [7–20].
• Type II (“sudden”): This type of singularity is milder than the Big Rip scenario, and it is also known as a
pressure singularity, firstly studied in Refs. [21, 22], and later developed in [23–30], see also [31, 32]. Here, only
the total effective pressure diverges as t→ ts, and the total effective energy density and the scale factor remain
finite, that is, a→ as, ρeff → ρs and |peff | → ∞.
• Type III : In this type of singularity, both the total effective pressure and the total effective energy density
diverge as t→ ts, but the scale factor remains finite, that is, a→ as, ρeff →∞ and |peff | → ∞. Then the Type
III singularity is milder than the Type I (Big Rip) but stronger than the Type II (sudden).
• Type IV : This type of singularity is the mildest from a phenomenological point of view. It was discovered
in Ref. [33] and further investigated in [5, 34–40]. In this case, all the aforementioned physical quantities
remain finite as t → ts, that is, a → as, ρeff → 0, |peff | → 0, but higher derivatives of the Hubble rate, H
(n)
(n ≥ 2) diverge. This singularity may be related with the inflationary era, since the Universe may smoothly
pass through this singularity without any catastrophic implications on the physical quantities. As was shown
in [41], the graceful exit from the inflationary era may be triggered by this type of soft singularity.
Here, ρeff and peff are defined by
ρeff ≡
3
κ2
H2 , peff ≡ −
1
κ2
(
2H˙ + 3H2
)
. (3)
Note that ρeff and peff are different from ρ and p in (2). For example, ρeff and peff may include the contribution from
the modified gravity. Then Eq. (3) shows that for the Type I and III singularities, H diverges but for the Type II
and IV, H is finite. However, in the Type II singularity H˙ diverges. We will be interesting in the account of thermal
effects especially for the Type I and III singularities.
There is also a scenario called Little Rip cosmology [42–44] where the universe enters to singular state at infinite
future. In this scenario, the Hubble rate is finite in the finite time but it becomes infinite in the infinite future. We
show that thermal radiation will become important in the far future for Little Rip evolution much before the arrival
to infinite Rip time.
3A. Big Rip with thermal effects: transition to Type II singularity
The Big Rip singularity of the universe can be generated by the cosmic fluid, which is often called “phantom”, with
the equation of state (EoS) parameter w, which is defined by
w =
p
ρ
, (4)
for the pressure p and the energy density ρ for general cosmic fluid,it is less than −1, w < −1. By assuming the
conservation law,
0 = ρ˙+ 3H (ρ+ p) , (5)
we find
ρ = ρ0a
−3(1+w) , (6)
with a positive constant ρ0. Then in case of the phantom, because −3 (1 + w) > 0, the energy density dominates at
late time where a becomes large. Then by using the FRW equations (2), we find H behaves as
H ∝
1
tRip − t
, (7)
and H diverges at t = tRip, which is the Big Rip singularity.
Near the Big Rip singularity, the temperature of the universe becomes large and we may expect the generation
of the thermal radiation as in the case of Hawking radiation. The Hawking temperature T is proportional to the
inverse of the radius rH of the apparent horizon and the radius rH is proportional to the inverse of the Hubble rate
H . Therefore the temperature T is proportional to the Hubble rate H . As well-known in the statistical physics, the
energy-density ρt rad of the thermal radiation is proportional to the fourth power of the temperature. Then when H
is large enough, we may assume that the energy-density of the thermal radiation is given by
ρt rad = αH
4 , (8)
with a positive constant α. At the late time, the FRW equation (2) should be modified by the account of thermal
radiation,
3
κ2
H2 = ρ0a
−3(1+w) + αH4 . (9)
Here we assume w < −1. At the late time but much before the Big Rip time, the first term in the equation (9)
dominates and therefore the universe expands to Big Rip, where the Hubble rate H behaves as in (7). Then near the
Big Rip time tRip, the second term in (9) should dominate and we obtain
3
κ2
H2 ∼ αH4 , (10)
whose non-trivial solution is given by
H2 = H2crit ≡
3
κ2α
. (11)
As H goes to a constant, we might expect that the space-time goes to the asymptotically de Sitter space-time but it
is not true. Even in the de Sitter space-time, the scale factor a becomes larger and larger as an exponential function
of t, then the first term in the equation (9) should dominate finally. however, H is already larger than Hcrit, there is
no solution of (9). Then the universe should end up at finite time with some kind of the singularity.
For more quantitative analysis, we solve (9), with respect to H2 as follows,
H2 =
3
κ2 ±
√
9
κ4 − 4αρ0a
−3(1+w)
2α
. (12)
Because H2 is real number, we find that there is a maximum for the scale factor a,
a ≤ amax ≡
(
9
4κ4αρ0
)
−
1
3(1+w)
. (13)
4Then we consider the behavior of a or H around the maximal a = amax by writing the scale factor a as
a = amaxe
N . (14)
Here N corresponds to the e-folding number but N should be negative because a < amax. Furthermore because we
are interested in the region a ∼ amax, we assume |N | ≪ 1. Then by using H =
dN
dt , Eq. (12) can be rewritten as(
1∓
1
2
√
3 (1 + w)N
)
dN ∼ dt
√
3
2ακ2
, (15)
which can be integrated as
N ∓
1
3
(−N)
3
2
√
−3 (1 + w) ∼ − (tmax − t)
√
3
2ακ2
. (16)
Here a = amax when t = tmax. Because we are assuming |N | ≪ 1, Eq. (16) can be rewritten as
N ∼ − (tmax − t)
√
3
2ακ2
∓
√
−3 (1 + w)
3
(
(tmax − t)
√
3
2ακ2
) 3
2
. (17)
Because H = dNdt , we find
H ∼
√
3
2ακ2
∓
√
−3 (1 + w)
2
(√
3
2ακ2
) 3
2
(tmax − t)
1
2 ,
H˙ ∼∓
√
−3 (1 + w)
4
(√
3
2ακ2
) 3
2
(tmax − t)
−
1
2 . (18)
Then in the limit t → tmax, although H is finite but H˙ diverges. Therefore the universe ends up with the Type II
singularity at t = tmax and the cyclic cosmology does not occur. Thus, we demonstrated that account of thermal
effects near Big Rip changes the universe evolution to the finite-time Type II singularity.
B. Type III singularity with account of thermal effects: transition to Type II singularity
The scale factor which generates the Type III singularity can be expressed as
a(t) = ase
−β(ts−t)
γ
, (19)
with positive constants as, ts, β, and γ. In order to generate the Type III singularity we restrict the value of γ as
0 < γ < 1 . (20)
Then the Hubble rate H is given by
H = βγ (ts − t)
γ−1
. (21)
Hence, in the limit t→ ts, H diverges but the scale factor a is finite. From Eq. (3) it follows
ρeff =
3
κ2
β2γ2 (ts − t)
2(γ−1) , peff = −
1
κ2
(
−2βγ (γ − 1) (ts − t)
γ−2 + 3β2γ2 (ts − t)
2(γ−1)
)
. (22)
By deleting (ts − t), we find the following equation of state,
peff = −ρeff +
2βγ (γ − 1)
κ2
(
κ2ρeff
3β2γ2
) γ−2
2(γ−1)
. (23)
Using the conservation law (5) or directly using (19) and (22), one gets
ρeff =
3
κ2
β2γ2
(
1
β
ln
(
as
a(t)
)) 2(γ−1)
γ
=
3γ2β
2
γ
κ2
(
ln
(
as
a(t)
)) 2(γ−1)
γ
. (24)
5With the account of the thermal radiation, instead of (9), we have
3
κ2
H2 = A
(
ln
(
as
a(t)
))
−B
+ αH4 , A ≡
3γ2β
2
γ
κ2
, B ≡ −
2 (γ − 1)
γ
> 0 . (25)
Then instead of (12), we obtain
H2 =
3
κ2 ±
√
9
κ4 − 4αA
(
ln
(
as
a(t)
))
−B
2α
. (26)
Then in order that H2 to be real, we find that there is a maximum amax for a(t),
a(t) ≤ amax ≡ ase
−( 9
4Aακ2
)−
1
B
< as . (27)
Because amax is smaller than as, we find that dark universe with the future Type III singularity is transited to the
one with the Type II singularity due to the account of thermal effects.
C. Thermal radiation for Type II and Type IV singularities
In case of the Type II and Type IV singular universes, the Hubble rate H behaves as
H ∼ H0 + h0 (ts − t)
−β
. (28)
When 0 > β > −1 the behavior of H corresponds to the Type II and when β < −1 but β is not an integer, to the
Type IV.
When one considers general matter, the first FRW equation where usual matter and the thermal radiation as in
(9) are included, is given by
3
κ2
H2 = ρ+ αH4 . (29)
Here ρ is matter energy-density. In case of the Type II or Type IV singularity, if H0 6= 0, near the singularity, the
l.h.s. goes to a finite value 3κ2H
2 → 3κ2H
2
0 and the contribution from the thermal radiation in the r.h.s. also becomes
finite, αH4 → αH40 . Therefore the thermal radiation does not change the structure of the singularity. If H0 = 0, the
r.h.s. behaves as (ts − t)
−4β
and the contribution from the thermal radiation behaves as (ts − t)
−2β
. Because β < 0,
the contribution from the thermal radiation is less dominant and therefore the thermal radiation does not change the
structure of the singularity.
D. Little Rip universe with the account of thermal effects
In the qualitatively-different from above ones, the Little Rip scenario [42–44], the Hubble rate H becomes infinite
at the infinite future. A simple example is given by
H = H0t , (30)
with positive H0. Then
ρeff =
3
κ2
H20 t
2 , peff = −
1
κ2
(
2H0 + 3H
2
0 t
2
)
. (31)
The equation of state is given by
peff = −ρeff −
2H0
κ2
, . (32)
Eq. (30) also shows that the scale factor a(t) is given by
a(t) = a0e
1
2H0t
2
, (33)
6with a constant a0. Then Eq. (31) shows
ρeff =
6H0
κ2
ln
(
a(t)
a0
)
. (34)
When we include the contribution from the thermal radiation, the equation corresponding to (9) or (25) has the
following form,
3
κ2
H2 =
6H0
κ2
ln
(
a(t)
a0
)
+ αH4 , (35)
and the equation corresponding to (12) or (26) has the following form,
H2 =
3
2ακ2
(
1±
√
1−
2αH0κ2
3
ln
(
a(t)
a0
))
. (36)
Again, from Eq. (36) it follows that there is a maximum of the scale factor a,
a(t) ≤ amax ≡ a0e
3
2ακ2 , (37)
and therefore the space-time will end up by the Type II singularity. Thus we again see that due to the account
of thermal effects, the dark energy which should bring the universe to Little Rip at the infinite future changes its
evolution to the finite-time Type II singularity. The corresponding transition occurs!
III. FUTURE SINGULARITIES WITH ACCOUNT OF QUANTUM AND THERMAL EFFECTS
In the previous sections, we have shown that any scenario, where the Hubble rate becomes infinite in the finite or
infinite future as in the Type I (Big Rip) and the Type III singularities and in the Little Rip universe scenario, will
not be realized if we include the effect from the thermal radiation. T he universe will change its evolution to the Type
II singularity. From other side when the universe approaches to future singularity its curvature and other geometrical
invariants grow up. As a result the quantum effects may change the behavior of the future space-time singularity.
For example, one can show that quantum effects may change the structure of future singularity, see [22, 33] (see also
[45–49]). In this section, we use simple qualitative arguments of Ref. [50] to show the role of quantum effects in
conformally-invariant theories to future singularity and compare it with the effect due to thermal radiation.
As is well-known the conformal anomaly TA has the following form:
TA = b
(
F +
2
3
R
)
+ b′G + b′′R . (38)
Here F is the square of the 4D Weyl tensor, and G is the Gauss-Bonnet invariant, which are given by
F =
1
3
R2 − 2RµνR
µν +RµνρσR
µνρσ , G = R2 − 4RµνR
µν +RµνρσR
µνρσ . (39)
In case that matter is conformally-invariant and there appear N scalars, N1/2 spinors, N1 vector fields, N2 (= 0 or
1) gravitons and NHD higher-derivative conformal scalars, b and b
′ have the following forms,
b =
N + 6N1/2 + 12N1 + 611N2 − 8NHD
120(4pi)2
, b′ = −
N + 11N1/2 + 62N1 + 1411N2 − 28NHD
360(4pi)2
. (40)
As is shown in (40), b is positive and b′ is negative for the usual matter. An exception is the higher-derivative
conformal scalar. The value of b′′ can be always shifted by adding R2 to the classical action.
If we write the energy density ρA and pressure pA corresponding to the trace anomaly TA, we find TA = −ρA+3pA.
Then by using the energy conservation law in the FRW universe
0 =
dρA
dt
+ 3H (ρA + pA) , (41)
we can delete pA as
TA = −4ρA −
1
H
dρA
dt
, (42)
7which can be integrated and we find the following expression for ρA [5]:
ρA = −
1
a4
∫
dta4HTA . (43)
By using the above expression and identifying ρeff = ρA, one may consider FRW equation (3).
However, as in [50], for simplicity, we consider the trace of the Einstein equation including the trace anomaly, as
follows,
R = −
κ2
2
(Tmatter + TA) . (44)
Here Tmatter is the trace of the matter energy-momentum tensor. For FRW universe (1), F and G are given by
F = 0 , G = 24
(
H˙H2 +H4
)
. (45)
What we like to show is that if there is a singularity, the trace equation (45) cannot be consistent. Especailly we show
that the contribution from the conformal anomaly in the r.h.s. of Eq. (44) is more singular than the scalar curvature
in the l.h.s. If the contribution from the matter although the conformal anomaly may give some corrections. Note
that rigorous study of the account of quantum effects may be done following Ref. [49] but it requests numerical study
depending of particles content of the universe as well as effective dark fluid.
We now assume that H behaves as
H ∼ H0 + h0 (ts − t)
−β
. (46)
When β ≥ 1, the behavior of H corresponds to the Type I (Big Rip) singularity, and when 1 ≥ β > 0, to the Type
III, when 0 > β > −1 to the Type II, when β < −1 but β is not an integer, to the Type IV. One may also neglect
the contribution from matter and put Tmatter = 0.
In case that β > 0, which corresponds to the Type I (Big Rip) and Type III singularity, the first constant term
H0 in (46) seems to be less dominant and we may neglect this term. Then because the scalar curvature R is given
by R = 12H2 + 6H˙ , when β ≥ 1 (Type I), we find that the scalar curvature R behaves as R ∼ (ts − t)
−2β
and when
0 < β < 1 (Type III), R behaves as R ∼ (ts − t)
−β−1
. On the other hand, when −1 < β < 0 (Type II), R behaves
as R ∼ (ts − t)
−β−1
. When β < −1, which corresponds to Type IV singularity if β is not an integer, if H0 6= 0, R
behaves as a constant but if H0 = 0, R ∼ (ts − t)
−β−1
.
We now assume the behavior of the Hubble rate as in (46). Then in case of the Type I (Big Rip) case, where
β ≥ 1, near the Big Rip singularity, t ∼ ts, as seen from (45), the Gauss-Bonnet invariant G behaves as G ∼ 24H
4 ∼
(ts − t)
−4β
and therefore G becomes very large and the contribution from the matter Tmatter in (44) can be neglected.
On the other hand, one finds R ∼ (ts − t)
−2β−2. Then because R ∼ (ts − t)
−2β , TA becomes much larger than R
and therefore Eq. (44) cannot be satisfied. This shows that the quantum effects coming from the conformal anomaly
also remove the Type I (Big Rip) singularity.
In case of the Type II singularity, where −1 < β < 0, we find that G behaves as G ∼ 24H˙H2 ∼ (ts − t)
−3β−1.
Because R ∼ (ts − t)
−β−1
, the Gauss-Bonnet term in TA is less singular and therefore negligible compared with R
and the contribution from the matter. Therefore, the Gauss-Bonnet term in TA does not help to prevent the Type
II singularity. Note, however, R behaves as R ∼ (ts − t)
−β−3
, which is more singular than the scalar curavature.
Then if 2b/3+ b′′ 6= 0, the contribution from TA becomes mich larger than R near the singularity t ∼ ts and Eq. (44)
cannot be satisfied. Therefore if 2b/3+ b′′ 6= 0, even the Type II singularity can be also prevented when the quantum
effects due conformal anomaly are included.
In case of the Type III singularity (0 < β < 1), the Gauss-Bonnet invariant behaves as G ∼ 24H˙H2 ∼ (ts − t)
−3β−1
and R behaves as R ∼ (ts − t)
−β−3
. Because the scalar curvature behaves as R ∼ (ts − t)
−β−1
, both of the
terms, R and G, are more singular than the scalar curvature R and the Type III singularity is also prevented. Thus,
we demonstrated that quantum effects may remove finite-time future singularities. Note that account of quantum
gravity effects in specific models also is known to remove Big Rip singularity [9].
Let us include thermal effects to above analysis. So far the trace part of the Einstein equation is used. As
the radiation is usually conformal, the trace part of the energy-momentum tensor of the radiation should vanish
and the thermal radiation does not contribute to the trace equation. We should be, however, more careful in the
present situation. The energy-density of the thermal radiation is only determined by the temperature. Therefore,
the universe expands and its volume with the thermal radiation increases, the total energy should also be increased
if the temperature is not changed or increases as in the case of the Type I (Big Rip) or Type III singularity, or the
8Little Rip cosmology. In other words, say, in the phantom universe, there should exist effectively negative pressure.
The energy of the thermal radiation is not conserved because the expansion produces the new thermal radiation. We
should note, however, in order that the effective pressure, which includes the effect of the expansion, is consistent with
FRW equations, the energy-density of the thermal radiation and the effective pressure must satisfy the conservation
law
0 =
dρt rad
dt
+ 3H (ρt rad + pt rad) . (47)
To show the conservation law, we may start from the first FRW equation where usual matter and the thermal radiation
as in (9) are included,
3
κ2
H2 = ρ+ ρt rad , ρt rad = αH
4 . (48)
Here ρ is matter energy-density. By considering the derivative of Eq. (48) with respect to time t, we obtain,
6
κ2
HH˙ = ρ˙+ 4αH3H˙ . (49)
Then by using the standard conservation law for matter,
0 = ρ˙+ 3H (ρ+ p) , (50)
with the matter pressure, and combining (48) and (49), we obtain
−
1
κ2
(
2H˙ + 3H2
)
= p− α
(
H4 +
4
3
H2H˙
)
, (51)
which is nothing but the second FRW equation and we can identify the effective pressure of the thermal radiation as
follows,
pt rad = −α
(
H4 +
4
3
H2H˙
)
. (52)
Thus effectively, the energy-density and the effective pressure of the thermal radiation satisfy the conservation law
(47) or we can find the exact and unique form of the effective pressure in (52) directly by using the conservation law
(47) and assuming the form of the energy-density of the radiation in (8).
Then the trace part Tt rad = −ρt rad+3pt rad of the energy-momentum tensor for the radiation including the effect
of the expansion of the universe is given by
Tt rad = −4α
(
H4 +H2H˙
)
. (53)
Let us assume the behavior of the Hubble rate H as in (46). Then in case of the Type I (Big Rip) case (β ≥ 1), near
the singularity, we find Tt rad ∼ (ts − t)
−4β , whose behavior is not so changed from that of TA although we need to
compare b′ with α to see which term is dominant one.
In case of the Type II singularity (−1 < β < 0), we find Tt rad ∼ (ts − t)
−3β−1. As R ∼ (ts − t)
−β−1, the
contribution from Tt rad is negligible. In case b
′′ 6= 0, which is arbitary and can be put to vanish if we dont add R2
term, the contribution from R in TA dominates and the Type II singularity does not occur.
In case of the Type III singularity (0 < β < 1, we find Tt rad ∼ (ts − t)
−3β−1
, whose behavior is not changed from
that of the Gauss-Bonnet invariant G in TA but weaker than the behavior of R. Then if b
′′ 6= 0, the contribution
from the thermal radiation is less dominant than that of the conformal anomaly TA. If b
′′ = 0, the contribution
from Tt rad is not changed from that from TA and we need to compare b
′ with α to see which could be dominant,
again. Thus, we demonstrated that when quantum effects dominate over thermal effects then future singularities
are removed. However, in some cases which depend on the specif features of the theory under consideration the
dominant contribution is due to thermal effects. In this case, the most possible universe future is the finite-time Type
II singularity.
9IV. SUMMARY
In summary, we studied the singular dark universe future where singularity is caused by corresponding dark fluid
while also thermal effects due to Hawking radiation on apparent horizon of FRW universe are included. It is shown
that for dark universe with the finite-time Type I, III singularities and for the Little Rip universe the transition to
the Type II singularity at final state occurs. On the same time for the Type II and IV singular universe one sees no
qualitative effect due to thermal radiation. When in addition to thermal radiation also quantum effects are taken into
account the situation is more complicated. Usually, matter quantum effects (at least, for conformally-invariant fields)
remove the finite-time future singularity. Together with thermal effects the universe future is defined by the fact which
of terms (thermal or quantum) in the effective energy-density is dominant. This depends from the specific features
of the universe under consideration (fields content, fluids, coefficient of thermal energy-density, etc). In particulary,
when thermal effects are dominant, then the future universe state is the Type II singularity, again.
Some remark is in order. It is known that several million years before Rip time there appears some inertial force
which may unbound particles producing desintegration of all bound objects at the universe. Let us check the effect
of thermal radiation to this inertial force. A test mass m, which is separated from an observer by the distance r,
receives a inertial force of tidal force Fin when the observer observes the mass, as follows,
Fin = rm
a¨
a
= rm
(
H˙ +H2
)
. (54)
In case of the Type I (Big Rip) or the Type III singularity, because H and cotH become very large near the singulrity
and therefore any extended object will be ripped and destroyed. If we take into account the contribution from the
thermal radiation, the singularity will reduces to the Type II singularity, where although H is finite or vanish, H˙
and therefore the inertial force becomes very large near the singularity. Hence, in this case the bound objects are
desintegrated as in the case without thermal effects. In case of the Type IV singularity, both of H and H ′ are finite
and therefore the inertial force is also finite. Finally, it may be of interest to study the role of thermal radiation for
future singularities in modified gravity theories. This will be done elsewhere.
Acknowledgments
This work is partially supported by MEXT KAKENHI Grant-in-Aid for Scientific Research on Innovative Areas
“Cosmic Acceleration” No. 15H05890 (S.N.) and the JSPS Grant-in-Aid for Scientific Research (C) No. 18K03615
(S.N.), and by MINECO (Spain), FIS2016-76363-P (S.D.O).
[1] R. Caldwell, Phys. Lett. B 545 (2002), 23-29 doi:10.1016/S0370-2693(02)02589-3 [arXiv:astro-ph/9908168 [astro-ph]].
[2] G. W. Gibbons and S. W. Hawking, Phys. Rev. D 15 (1977) 2738. doi:10.1103/PhysRevD.15.2738
[3] R. G. Cai, L. M. Cao and Y. P. Hu, Class. Quant. Grav. 26 (2009) 155018 doi:10.1088/0264-9381/26/15/155018
[arXiv:0809.1554 [hep-th]].
[4] R. Ruggiero, [arXiv:2005.12684 [gr-qc]].
[5] S. Nojiri, S. D. Odintsov and S. Tsujikawa, Phys. Rev. D 71, 063004 (2005) [arXiv:hep-th/0501025].
[6] S. Odintsov and V. Oikonomou, Phys. Rev. D 98 (2018) no.2, 024013 doi:10.1103/PhysRevD.98.024013 [arXiv:1806.07295
[gr-qc]].
[7] R. R. Caldwell, M. Kamionkowski and N. N. Weinberg, Phys. Rev. Lett. 91 (2003), 071301
doi:10.1103/PhysRevLett.91.071301 [arXiv:astro-ph/0302506 [astro-ph]].
[8] S. Nojiri and S. D. Odintsov, Phys. Lett. B 562 (2003), 147-152 doi:10.1016/S0370-2693(03)00594-X [arXiv:hep-th/0303117
[hep-th]].
[9] E. Elizalde, S. Nojiri and S. D. Odintsov, Phys. Rev. D 70 (2004), 043539 doi:10.1103/PhysRevD.70.043539
[arXiv:hep-th/0405034 [hep-th]].
[10] V. Faraoni, Int. J. Mod. Phys. D 11 (2002), 471-482 doi:10.1142/S0218271802001809 [arXiv:astro-ph/0110067 [astro-ph]].
[11] P. Singh, M. Sami and N. Dadhich, Phys. Rev. D 68 (2003), 023522 doi:10.1103/PhysRevD.68.023522
[arXiv:hep-th/0305110 [hep-th]].
[12] P. X. Wu and H. W. Yu, Nucl. Phys. B 727 (2005), 355-367 doi:10.1016/j.nuclphysb.2005.07.022 [arXiv:astro-ph/0407424
[astro-ph]].
[13] M. Sami and A. Toporensky, Mod. Phys. Lett. A 19 (2004), 1509 doi:10.1142/S0217732304013921 [arXiv:gr-qc/0312009
[gr-qc]].
[14] H. Stefancic, Phys. Lett. B 586 (2004), 5-10 doi:10.1016/j.physletb.2004.02.018 [arXiv:astro-ph/0310904 [astro-ph]].
10
[15] L. P. Chimento and R. Lazkoz, Phys. Rev. Lett. 91 (2003), 211301 doi:10.1103/PhysRevLett.91.211301
[arXiv:gr-qc/0307111 [gr-qc]].
[16] X. F. Zhang, H. Li, Y. S. Piao and X. M. Zhang, Mod. Phys. Lett. A 21 (2006), 231-242 doi:10.1142/S0217732306018469
[arXiv:astro-ph/0501652 [astro-ph]].
[17] M. P. Dabrowski, C. Kiefer and B. Sandhofer, Phys. Rev. D 74 (2006), 044022 doi:10.1103/PhysRevD.74.044022
[arXiv:hep-th/0605229 [hep-th]].
[18] S. Nojiri and S. D. Odintsov, Phys. Lett. B 686 (2010), 44-48 doi:10.1016/j.physletb.2010.02.017 [arXiv:0911.2781 [hep-th]].
[19] S. Capozziello, M. De Laurentis, S. Nojiri and S. Odintsov, Phys. Rev. D 79 (2009), 124007
doi:10.1103/PhysRevD.79.124007 [arXiv:0903.2753 [hep-th]].
[20] J. Beltran Jimenez, D. Rubiera-Garcia, D. Saez-Gomez and V. Salzano, Phys. Rev. D 94 (2016) no.12, 123520
doi:10.1103/PhysRevD.94.123520 [arXiv:1607.06389 [gr-qc]].
[21] J. D. Barrow, Class. Quant. Grav. 21 (2004), L79-L82 doi:10.1088/0264-9381/21/11/L03 [arXiv:gr-qc/0403084 [gr-qc]].
[22] S. Nojiri and S. D. Odintsov, Phys. Lett. B 595 (2004), 1-8 doi:10.1016/j.physletb.2004.06.060 [arXiv:hep-th/0405078
[hep-th]].
[23] J. D. Barrow and C. G. Tsagas, Class. Quant. Grav. 22 (2005), 1563-1571 doi:10.1088/0264-9381/22/9/006
[arXiv:gr-qc/0411045 [gr-qc]].
[24] L. Fernandez-Jambrina and R. Lazkoz, Phys. Rev. D 70 (2004), 121503 doi:10.1103/PhysRevD.70.121503
[arXiv:gr-qc/0410124 [gr-qc]].
[25] M. Bouhmadi-Lopez, P. F. Gonzalez-Diaz and P. Martin-Moruno, Phys. Lett. B 659 (2008), 1-5
doi:10.1016/j.physletb.2007.10.079 [arXiv:gr-qc/0612135 [gr-qc]].
[26] J. D. Barrow and S. Z. Lip, Phys. Rev. D 80 (2009), 043518 doi:10.1103/PhysRevD.80.043518 [arXiv:0901.1626 [gr-qc]].
[27] M. Bouhmadi-Lopez, Y. Tavakoli and P. Vargas Moniz, JCAP 04 (2010), 016 doi:10.1088/1475-7516/2010/04/016
[arXiv:0911.1428 [gr-qc]].
[28] J. D. Barrow, A. B. Batista, J. C. Fabris, M. J. Houndjo and G. Dito, Phys. Rev. D 84 (2011), 123518
doi:10.1103/PhysRevD.84.123518 [arXiv:1110.1321 [gr-qc]].
[29] M. Bouhmadi-Lopez, C. Kiefer and M. Kramer, Phys. Rev. D 89 (2014) no.6, 064016 doi:10.1103/PhysRevD.89.064016
[arXiv:1312.5976 [gr-qc]].
[30] M. Bouhmadi-Lopez, P. Chen and Y. W. Liu, Eur. Phys. J. C 73 (2013), 2546 doi:10.1140/epjc/s10052-013-2546-z
[arXiv:1302.6249 [gr-qc]].
[31] A. Balcerzak and T. Denkiewicz, Phys. Rev. D 86 (2012), 023522 doi:10.1103/PhysRevD.86.023522 [arXiv:1202.3280
[astro-ph.CO]].
[32] K. Marosek and A. Balcerzak, Eur. Phys. J. C 79 (2019) no.4, 287 doi:10.1140/epjc/s10052-019-6802-8 [arXiv:1804.10835
[gr-qc]].
[33] S. Nojiri and S. D. Odintsov, Phys. Rev. D 70 (2004), 103522 doi:10.1103/PhysRevD.70.103522 [arXiv:hep-th/0408170
[hep-th]].
[34] S. Nojiri and S. D. Odintsov, Phys. Rev. D 72 (2005), 023003 doi:10.1103/PhysRevD.72.023003 [arXiv:hep-th/0505215
[hep-th]].
[35] J. D. Barrow and A. A. H. Graham, Phys. Rev. D 91 (2015) no.8, 083513 doi:10.1103/PhysRevD.91.083513
[arXiv:1501.04090 [gr-qc]].
[36] S. Nojiri, S. Odintsov and V. Oikonomou, Phys. Rev. D 91 (2015) no.8, 084059 doi:10.1103/PhysRevD.91.084059
[arXiv:1502.07005 [gr-qc]].
[37] S. Nojiri, S. Odintsov, V. Oikonomou and E. N. Saridakis, JCAP 09 (2015), 044 doi:10.1088/1475-7516/2015/9/044
[arXiv:1503.08443 [gr-qc]].
[38] S. Odintsov and V. Oikonomou, Phys. Rev. D 92 (2015) no.2, 024016 doi:10.1103/PhysRevD.92.024016 [arXiv:1504.06866
[gr-qc]].
[39] V. Oikonomou, Phys. Rev. D 92 (2015) no.12, 124027 doi:10.1103/PhysRevD.92.124027 [arXiv:1509.05827 [gr-qc]].
[40] K. Kleidis and V. Oikonomou, Int. J. Geom. Meth. Mod. Phys. 15 (2017) no.04, 1850064 doi:10.1142/S0219887818500640
[arXiv:1711.09270 [gr-qc]].
[41] S. Odintsov and V. Oikonomou, Phys. Rev. D 92 (2015) no.12, 124024 doi:10.1103/PhysRevD.92.124024 [arXiv:1510.04333
[gr-qc]].
[42] P. H. Frampton, K. J. Ludwick and R. J. Scherrer, Phys. Rev. D 84 (2011), 063003 doi:10.1103/PhysRevD.84.063003
[arXiv:1106.4996 [astro-ph.CO]].
[43] I. Brevik, E. Elizalde, S. Nojiri and S. Odintsov, Phys. Rev. D 84 (2011), 103508 doi:10.1103/PhysRevD.84.103508
[arXiv:1107.4642 [hep-th]].
[44] P. H. Frampton, K. J. Ludwick, S. Nojiri, S. D. Odintsov and R. J. Scherrer, Phys. Lett. B 708 (2012), 204-211
doi:10.1016/j.physletb.2012.01.048 [arXiv:1108.0067 [hep-th]].
[45] A. Kamenshchik, Class. Quant. Grav. 30 (2013), 173001 doi:10.1088/0264-9381/30/17/173001 [arXiv:1307.5623 [gr-qc]].
[46] J. D. Bates and P. R. Anderson, Phys. Rev. D 82 (2010), 024018 doi:10.1103/PhysRevD.82.024018 [arXiv:1004.4620
[gr-qc]].
[47] P. Tretyakov, A. Toporensky, Y. Shtanov and V. Sahni, Class. Quant. Grav. 23 (2006), 3259-3274 doi:10.1088/0264-
9381/23/10/001 [arXiv:gr-qc/0510104 [gr-qc]].
[48] H. Calderon and W. A. Hiscock, Class. Quant. Grav. 22 (2005), L23-L26 doi:10.1088/0264-9381/22/4/L01
[arXiv:gr-qc/0411134 [gr-qc]].
[49] E. D. Carlson, P. R. Anderson, J. R. Einhorn, B. Hicks and A. J. Lundeen, Phys. Rev. D 95 (2017) no.4, 044012
11
doi:10.1103/PhysRevD.95.044012 [arXiv:1607.01699 [gr-qc]].
[50] S. Nojiri and S. D. Odintsov, Phys. Rept. 505 (2011), 59-144 doi:10.1016/j.physrep.2011.04.001 [arXiv:1011.0544 [gr-qc]].
